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Theory and Numerical Simulation of a TE1ll
Gyroresonant Accelerator

WILLIAM H. MINER, JR., PETER VITELLO, AND ADAM T. DROBOT

Abstract —Tfre production of sniraf relativistic electron beams in a
~ 111&!YrOresOnantaccelerator cavity for injection into a compact high.
harmonic gyrotron is studied. Parametric stu~es are performed to de-
termine the effects of variations in the backgroundmagnetic field ampli-
tude, the RF ampfitude in the cavity, and the initiaf beam voltage on the
output beam.The effects of velocity spreadanda finite radial extent of the
input beamare afsodisassed. Powercurvesfor obtaining optimum operat-
ing regimesfor the TE ,11acceleratorare provided.

I. INTRODUCTION

G YROTRONS have successfully generated electro-

magnetic radiation in the inillimeter and submillime

ter wavelength ranges via the electron-cyclotron maser

instability [1]–[3]. Electromagnetic radiation is produced

through the interaction of a relativistic electron beam

gyrating about an external magnetic field and an excited

cavity mode which grows at the expense of the rotational

energy of the beam. The production of relativistic electron

beams, with most of its kinetic energy in the form of

rotational energy, therefore, plays a crucial role in the

development of gyrotron devices.

In this paper, we discuss an “injection system” capable

of producing such a beam for use in a compact high-

harmonic gyrotron [4], [5]. This system, which consists of a
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conventional electron gun and a resonant “accelerator”

cavity, has two advantages over other systems currently in

use: 1) the system is technically simple, and 2) it operates

at a relatively low voltage. It also differs from relativistic

electron-beam sources used in conventional gyrotrom in

that it produces a beam whose Larmor orbits encircle the

cavity axis. Conventional gyrotrons operate at the first or

second harmonic with a relatively high magnetic field, and

with Larmor orbits of the beam particles which are much

smaller than the cavity radius. In contrast, the compact

high-harmonic gyrotron operates with a low magnetic lield

and with Larmor orbits of the beam particles which are

comparable to the cavity radius, and which encircle the

cavity axis. This may permit the construction of gyrotrons

based on permanent magnet technology such as

samarium-cobalt.

Typical particle orbits in a conventional” gyrotron are

shown in Fig. l(a) and the axis-encircling orbits of the

compact high-harmonic gyrotron are shown in Fig. l(b).

The remainder of the introduction consists of a brief

description of the current beam production methods with

emphasis on their advantages and disadvantages, Finally,

the novel system, which is the object of this paper, is

discussed.

Most electron guns produce a monoenergetic, unidirec-

tional beam. The obvious way to produce a beam with a

large fraction of rotational energy would be to inject the

beam at an angle to the background magnetic field [6].

This angle would deterntine the partition of energy in the

beam between the perpendicular and parallel components.

0018-9480/84/1000-1293$01.00 01984 IEEE
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Fig. 1. Schematic diagram of particle orbits in (a) a conventional
gyrotron and (b) a high-harmonic gyrotron.

Although this provides a simple way to partition the beam

energy, it has an adverse effect on the beam quality. To

avoid this problem, the beam could be injected along the

magnetic field lines which pass through the resonant cavity

and a structure provided to convert the streaming energy

into rotational energy. This could be achieved by propagat-

ing the electron beam through a variation in the external

magnetic field. Magnetic configurations which have been

tried include a rippled field [7], a wiggler field [8], and a

cusp [9]. As in the case of cross-field injection, the total

beam energy is determined by the diode voltage.

The problem of a complex magnetic field structure can

be avoided if a more sophisticated electron gun is used.

“Magnetron injection’’-type electron guns [3], [10], [11]

directly produce an electron beam with a velocity compo-

nent perpendicular to the magnetic field. The ratio of

perpendicular energy to parallel energy of the beam pro-

duced by this type of gun may be increased by adiabati-

cally compressing the beam, at the expense of increasing

the beam thermal spread.

In all the examples previously discussed, the available

free energy has been that fraction of the original beam

energy acquired in the diode that can be converted to

rotational energy. There are also methods for straightfor-

wardly increasing the beam energy by imparting rotational

energy to the electron beam. A simple procedure is to pass

a cold beam streaming along an external magnetic field

through a set of deflection plates analogous to those in a

conventional cathode ray tube [12]. An electric field oscil-

lating near the cyclotron frequency applied to the deflec-

tion plates will impart rotational energy to the beam. A

more efficient method however, and this is the technique to

be addressed in this paper, would be to pass the streaming

beam through a resonant cavity driven in a TE1ll mode

[13]. In this situation, the phase relation between the beam

electrons and the cavity mode is such that the rotational

energy of the beam increases at the expense of the cavity

radiation fields.

The use of this accelerator cavity to produce a highly

energetic helical beam with large pitch (a= V1 / ~1) has

several advantages over the previous methods. The device

itself is technically simple. There is no need for a com-

plicated magnetic stracture to redistribute the beam energy

from streaming to rotational, A much simpler electron gun,

such as one of the Pierce type, may be used instead of the

more complex magnetron injection gun. The most im-

portant advantage of the accelerator cavity is that the

amount of rotational energy in the final beam is provided

by the cavity and not by the gun. The gun itself is

inherently at low voltage and low current. High total beam

power is achieved by imparting a large voltage in the

accelerator cavity. This produces a low perveance beam

avoiding deleterious space charge effects,

The first effort to produce such a spiral beam by passing

a linear beam through a resonant cavity was performed by

Jory and Trivelpiece [13]. This work contained both an

experiment and a numerical study on the interaction of the

electron beam with various types of electromagnetic waves:

traveling, standing, linear polarization, circular polariza-

tion, etc. The experiment demonstrated the production of a

spiral beam by passing an axial beam through a resonant

cavity driven in a TE 111mode. The goal of this paper is to
determine the necessary parameters required to produce a

relativistic electron beam of a specified rotational energy

and pitch (a) for injection into a high-harmonic TEmll

gyrotron. The effects of finite beam parameters, thermal

spread and radial extent, and cavity power requirements

will also be discussed. At the present time, an experiment

using a TE1ll resonant cavity accelerator coupled to a

TE~ll gyrotron is under way at U. C. L.A., Los Angeles, CA

[4].

The model employed for the numerical study is pre-

sented in Section II. The particle acceleration mechanism is

discussed in Section III. The results of the parametric

studies are given in Section IV and the implications derived

from these results are discussed in Section V.

II. PHYSICAL MODEL

The experimental device is shown schematically in Fig.

2. An axial, low-voltage electron beam is produced by an

electron gun and is propagated down a drift tube guided

by a constant background magnetic field BO, in the z

direction. The beam then enters the accelerator cavity, a

right cylindrical resonant cavity of length L and radius a

which is driven in a circularly polarized TE1ll mode. The

beam interacts with the RF fields of the cavity driven by

an external source and then the modulated beam exits the

accelerator cavity into a drift tube. The beam propagates

down the drift tube until it enters the gyrotron cavity. This

work describes the evolution of the beam in the accelerator

cavity.



MINER d d.: THEORY AND SIMULATION OF A TE1ll GYRORESONANT ACCELERATOR

TEIII INPUT POWER

1295

‘~’’;ON
~L~

RELATIVISTIC

RESONANT ACCELERATOR
ELECTRON

SEAM
CAVITY

Fig. 2. Schematic diagram ofa TElllresonant accelerator catity.

Using the normalized velocity variable

O=y:
where the relativistic factor y is defined by

()
– 1/2

~= 1–<

C2

(1)

(2)

the equations of motion may be expressed in cylindrical

coordinates as

dR C
—’–u~
dt y

dd
Au

%=Ry 0

dz
=ZQ

xy

(3a)

(3b)

(3C)

(4b)

d~

[

44 %B_%B 1dt=–mOcy6 yR”
(’c)

In order to simplify the notation, the following normaliza-

tions are used:

r= R/a (5a)

(= z/L (5b)

(5C)

Ieja ~~=— (5d)
mOc2

j_ lela j. (5e)
mOc2

A more useful set of momentum variables for components

perpendicular to the background magnetic field are U and

A where

uR=usin(A) (6a)

~= Ucos(A). (6b)

With the normalization given above, (5) may be expressed

in terms of the new variables as

~=-[r71” [ n
e – —b. sin(A)– eO+—b COS(A) (7a,)

[%1 [%1
U$$=– e,– YbO COS(A)+ eO+Tb, sin(A)

[ 1+; ;cos(A)–b& (7b)

dUt
~[bOsin(A)-b,cos( A)].

d~=–y
(7C)

The electromagnetic fields inside the resonant cavity are

given by the solutions to Maxwell’s equations correspond-

ing to TE modes. The solutions are

dJ~(kr)
e~ = EO

d(kr)
sin(m6’ – w~)sin(p$) (8a)

b,=@EO’;~) cos(mf3- c07)cos(p~) (8b)
(.0

mJ~(kr)
e,=– EO

kr
cos(mO–t07)sin(p~) (8c)

8p mJ~(kr)
b~ = – ;EO kr sin(mO – u)cos(p$) (8d\)

bg= $EOJ~(kr)cos(mf3 – @T) Sk(p&) (8e)

where 8 = a/L, EO k the dimensionless RF amplitude,

and the normalized cavity frequency is

~ = (kz + &pz)l/2 ($))

p = kZL (10)

kz = lIT/L (lltt)

k = Xmn (Ilk))

where x~~ is the n th zero of the first derivative of the m th

Bessel function. The final form of the equations of motion

are obtained by substituting the expressions for the fields

given above, (8), and the background magnetic field into

(7), and the results are

dlJ = EO

dr
~sin(pt). {J~+l(kr)sin(mO –to~+A)

–J~_l(kr)sin(mO –u~– A)} ~

~PUt EO
+— ~cos(pt)” {J~+l(kr)cos (mO–u~+A)

a

–J~_l(kr) cos(mO–ti~ -A)} (12a)
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.{ Jn+l(kr)sin(m &ti~+ A)}

+J.,_l(kr) sin(mO–ar– A)}

.cos(rnd -cd~)sin(pf)} (12b)

dUt

d~ = ‘~:cos(pC) ”{ J~+1(kr)cos(m6– OT+A)

– JH1_l(kr)COS(nZ@ -UT-A)}. (12c)

A test particle approach is taken to describe the dynamic

evolution of the electron beam. In this approach, the

dynamics of individual particles are calculated and the

properties of the beam are determined by averaging over

the beam particle distribution function,

The individual particle dynamics are obtained by

numerically integrating the equations of motion. A fourth-

order Adams–Moulton predictor–corrector scheme is used

to advance the equations in time. The particle dynamics

are followed until the particles exit the cavity through

either aperture or intersect the cavity wall.

In order to determine the dominant physical processes

involved in the beam dynamics, the physical model has

been somewhat simplified. The first simplifying assump-

tion is that the self-fields of the beam are neglected with

respect to the wave fields of the cavity modes. Secondly,

the exact fields for a closed right circular resonant cavity

are used and the effects of finite apertures for the entrance

and exit of the beam and microwave input are neglected.

III. ACCELERATING MECHANISM

For a beam injected on axis into a resonant cavity driven

in a circularly polarized ~Elll mode, the particles see, to

lowest order, a circularly polarized monochromatic plane

standing wave. If the difference between the wave frequency

and the cyclotron frequency is sufficiently small, i.e.,

(13)

the particles become synchronized with the wave and gain

energy. This effect was first recognized by Davydovskii

[14].

Since the beam is injected on axis, the equations of

motion may be simplified by expanding the Bessel function

terms about the origin. Keeping only the lowest order

expansion term, the equations of motion are approximated

by

(14a)

030

0.25 -

020 –

0.15 –

0.10 –

0.05 –

0.00 I I
o lrlz rr 3n12 Zn

Fig. 3 Early time evolution of the wave-particle phase

&=-Eo

–[

8p Ut

d~ 2
cos~sin(pf) +~sin+cos(p$)

1

(1–u+ (14b)

dUt EO 8p U

dr =
~Tcos+cos(p&) (14C)

where

#E6–u~– A. (15)

The fact that the beam particles gain energy can easily

be seen by combining (14a) and (14c) to yield

:( U2+U/)= –UEOsin(t)sin(p&). (16)

since, for the TEIII mode, sin( p$) >0 there will be a

positive change in the energy provided

with the maximum gain occurring when

(18)

When the cavity is driven with c?p Ug/yQ <<1 (as is the case

for the present study) and o – bO/Y << to, (14b) shows that

IJ will in fact always evolve to 3r/2. The early time

behavior of the perpendicular velocity fl~ versus ~ is

shown in Fig. 3.

After a sufficient period of growth, the beam relativistic

factor y becomes large enough to violate the synchronism

condition, (13), and the particles begin to slip in phase

relative to the wave. As the particles slip in phase, the rate

of gain decreases until the criteria given in (17) are no

longer satisfied and they begin to lose energy.

To lowest order, neglecting the RF field, the solutions to

the equations of motion are all constants corresponding to

a drifting beam with no transverse velocity

u(o) =() (19a)

(19b)

(19C)
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Fig. 4. Comparison between analytical and numericaf calculations of

the perpendicular velocity for three values of the parameter &: (a)
& = 0.010, (b) & = 0.032, (C) & = 0.100.

where ~$ is determined by the initial beam energy by

~g = (y: – 1)1/2. (20)

The first-order solution for the perpendicular momen-

tum is

(21)

0.6 -

PL 0.4 -

0.2 –

0.0
n12 n 31112 2

w

Fig. 5. Evolutlon of the wave-particle phase as the beam passes through
the accelerator cavity.

Comparison between the analytic result and the numerical

code as a function of the perturbation parameter EO is

shown in Fig. 4(a)–(c) for a cavity with a =1.3 cm, L = 2.16

cm, and an initial beam of 1 keV. In Fig. 4(a), the

difference between the analytical result and the numerical

result cannot be distinguished. In Fig. 4(b), the solutions

begin to diverge near z -1.6 cm as the beam has gained

enough energy to violate the synchronism condition, (1:3).

Finally in Fig. 3(c), EO k so large as to cause a violation of

the synchronism condition at z -1.0 cm and the linear

theory is no longer valid.

IV. NUMERICAL SIMULATION RESULTS

The efficiency of the gyroresonant acceleration depends

critically on three parameters: 1) bo, the background maLg-

netic field which determines the phase relation between the

cavity mode and the cyclotron frequency, i.e., u – bO/y; 2)

Eo, the RF amplitude of the cavity mode; and 3) yi, the

initial energy of the input beam. The effects of variations

in all of these critical parameters will be discussed in this

section. We use a cavity as before with a =1.3 cm, L = 2.16

cm, and an initial beam energy of 1 keV. The beam is

injected with zero transverse velocity.

The temporal evolution of the beam as it passes through

the acceleration cavity is determined by numerically in-

tegrating the systems of (3) and (4). Particle trajectories are

begun at the entrance aperture and end either when the

particle leaves the cavity through the exit aperture or

intersects the cavity wall. The beam evolution is also

stopped if the particle is reflected and leaves the cavity

through the entrance aperture. The effects of entrance and

exit apertures are neglected, as are the self-fields of the

beam.

The long timescale. evolution of the perpendicular veloc-

ity is shown in Fig. 5. The beam gains perpendicular

velocity rapidly, but when it reaches /31 -0.4 it begins to

slip backward in phase. The particles have gained so much

energy that y has increased sufficiently to violate the

synchronism condition, (13). The particles continue to gain

energy, but at a lower rate, and continue to slip in the wawe

phase. Finally, the beam reaches a position where (17) is

violated and the beam begins to lose energy.
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Fig. 6. Trajectory of a typical beam projected onto the x-y plane as it
passes through the accelerator cavity.
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Fig, 7. Gain in energy of the electron beam as a function of time as it

passes through the accelerator cavity.

More details of the beam evolution are given in Figs. 6

and 7. The spatial trajectory of the beam in the cross

section of accelerator cavity is shown in Fig. 6. The beam

enters the cavity and follows a spiral trajectory, exiting the

cavity with a radius of approximately 0.4 cm. Since the

beam is no longer gaining rotational energy as it exits the

cavity, the radius thereafter remains constant. The gain in

beam energy as a function of its position along the axis of

the accelerator cavity is shown in Fig. 7. The gain is

defined by
., — .,rf r,

G= ~1–1 (22)

where the subscripts i and ~ refer to initial and final,

respectively. This is the ratio of the change in the kinetic

energy of the beam to its initial kinetic energy.

The goal of this work is to demonstrate that a beam

suitable for injection into a gyrotron can be produced in an

accelerator cavity. To this end, a parametric study was

performed varying the constant background magnetic field

and the RF amplitude in the accelerator cavity. The studies

were done by choosing an RF amplitude and varying the

background magnetic field through the resonance

bO~–—=()
Yi

(23)

it

I
I 1 1 I 1 1 1

1.024 1.062 1.100 1.138 1.175 1.213 1.251

BIB,

Fig. 8. Change in energy of the electron beam as a function of the
background magnetic field for four values of the RF amplitude in the

9

8

7

vl/vl , ~

5,

3.
EO= .4

1 1 1 1 4
1,024 1.062 1,100 1.136 1.175 1.213 1.251

BIB,

Fig. 9. Final vafue of the pitch of the beam trajectory as it exits the
cavity as a function of the background magnetic field for four values of
the RF amplitude in the accelerator cavity.

and observing the beam characteristics as it exits the

cavity. The characteristics of interest which were discussed

in the introduction are the change in beam energy Ay = yf

– Yi and the pitch of the beam a. The results of the studies
are shown in Figs. 8 and 9. The magnetic field in these

figures is normalized to the synchronous value of the field

for a particle at rest, i.e.,

(24)

Fig. 8 shows that large changes in the beam energy maybe
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obtained in the accelerator cavity but that they are ob-

tained in a narrow range of magnetic field. This requires

accurate tuning of the magnetic field for a given RF

amplitude and wave frequency. The “cutoff” at either end

of these curves occurs because the beam is reflected in the

cavity and therefore does not reach the exit aperture. For

fixed Eo, there may actually be more than one region of

magnetic field for which the beam can pass through the

cavity. These other regions were found to have much

smaller values of G, and were therefore not investigated.

In order to demonstrate the physics of the “cutoff” of

the beam (see Fig. 8), three cases with different values of

B/B, in the vicinity of the upper “cutoff” are compared.

The first two of these cases correspond to points on the

curve labeled E.= 0.1, for values of B/B, of 1.0905 and

1.100 in Fig. 8, and the third case corresponds to the same

value of EO but for B/B, 1.1095. Figs. 10 and 11 are plots

of U= versus z and U versus z for these cases.

At early times, U= remains nearly constant since the only

force acting in the z direction is

Fz=–lelf Xii (25)

(EZ E O for TE modes) and initially U -O. As the beam

spins up, U increases, and the Lorentz force in the z

1.9

1.8

1.7

g 1.6
:

Eu
s
0

g 1.5

>“

1.4

1.3

1.2

AVf
—-—
.—— ——

8LOPE = -1

I
o. .i .2 .3 .4

Vi (xl OIOcm/ses)

Fig. 12. Final beam velocity as a function of input beam velocity
showing regions where beam qurdity is enhanced and regions when
beam quality is degraded.

direction begins to modulate the beam velocity along the

axis. Since U6 >> U,, the force along the axis is determined

by the radial magnetic field. Fig. 10 shows that, for case I,

the beam passed through three phases of the field which

alternated between accelerating and decelerating the beam

along the axis. For case II, the axial motion of the beam

was nearly stopped during the decelerating phase as UZ

approached zero. Finally, for case III, the beam was re-

flected, UZ became negative, and the beam left the cavity

through the entrance aperture. Such beam cutoffs have

been observed experimentally [15]. Similar numerical re-

sults were obtained by Jory and Trivelpiece [13].

Maximum gain occurs at the high field “cutoff” just

before the beam is reflected. This allows the beam to

interact with the cavity RF fields for the maximum length

of time. This effect is also demonstrated in Fig. 12. Fig. 12

shows the final beam velocity as a function of the initial

beam velocity for fixed values of EO = 1 and b.= 2.9. For

large values of the initial velocity, the beam passes through

the cavity too quickly to interact with the RF fields. As the

initial velocity decreases, the interaction time increases and

the beam begins to gain energy. Finally, when the initial
velocity becomes too small, the beam is reflected.

The effects of a velocity distribution of particles in the

input beam can also be determined from Fig. 12. The space

of initial velocities can be divided into two regions by

observing where a tangent line of slope= – 1 intersects the

curve in Fig. 12. Thermal beams whose drift velocities are
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Fig. 13. Change in ertergy as a function of the initiaf radial position of
the beam.

greater than this critical velocity will have their thermal

spread enhanced, while similar beams whose drift velocities

are less will have their thermal spread reduced. Optimal

experimental conditions, i.e., maximum gain, would there-

fore in general produce an output beam which has less

thermal spread than the input beam.

In addition to variations in velocity space, the effects of

variation in physical space were also considered. The effect

of a finite radial extent of the beam was determined by

moving the injection point off-axis and observing the re-

sulting effect on the change in energy of the beam, The

results are presented in Fig. 13. Fig. 13 shows that for

injection out to a radius of one-half the cavity radius the

gain in energy decreases only about 15 percent. However,

beyond this point the beam sees relatively weak fields and

the gain drops drastically. Therefore, for beams whose

— CONSTANT CURRENT

----- CONSTANT RF AMPLITUDE

1.0 1
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radius is less than half the cavity radius, the radial extent

should have a negligible effect upon the energy gained.

In order to determine the overall efficiency of the

cyclotron resonant accelerator, it is necessary to determine

what fraction of the input power can actually be trans-

ferred to the electron beam. The input power can be

expressed by ..
(OW

“N=QL +lV’ (26)

where o is the frequency, W is the stored energy, QL is the

loaded cavity quality factor, 1 is the beam current, and Vb

k the beam voltage gained in the cavity, i.e., Vb = Vf – ~

where ~ is the initial beam voltage, gained in the diode,

and Vf k the final beam voltage as it exits tlie accelerator

cavity. The first term on the right-hand side of (26) accounts

for resistive and diffractive losses in the cavity and the

second term represents energy transferred to the electron

beam.

For a circularly polarized mode in a right circular reso-

nant cavity, the energy stored in the cavity is

w=w(~~[(l-(:~).,(ka,]. (27)

If the cavity is driven at a frequency ~ and the loaded

quality factor of the cavity is known, then the cavity loss

term may be calculated as a function of the RF amplitude

parameter EO.

The power “transferred to the beam as it passes

the cavity is
2 2

8Pb=I(yf–yi)~
= IAY ;:; “

through

(28)

An optimal value of Ay for a given value of the RF

amplitude parameter EO is used (see Fig. 8). With this

one-to-one correspondence between Ay and EO, it is possi-

ble to generate a set of curves showing what fraction of the

input power goes into the electron beam as a function of

the input power, parameterized by Ay and 1. These curves

are shown in Fig. 14. The curves are extremely useful in

,03 1 o~ 105 106

Pin (WATTS)

Fig. 14. Fraction of the input power going into the beam as a function of the input power.
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that they prescribe the experimental requirements for ob-

taining an output beam of a specific voltage as a function

of both input power and beam current.

V. DISCUSSION

We have studied the optimum operating parameters at

which the TEIII accelerator cavity will produce a spiral

relativistic electron beam. It has been shown that, operat-

ing under these conditions, it is possible to obtain beam

energies and pitch in the range 1.1s Yfs 1.6 and 3.0< a <

9.0 for cavity RF amplitudes in the range 0.1< EO <0.4 A

set of power curves has been generated which can be used

to determine appropriate operating regimes which are

parameterized by input power level, beam current, and the

desired value of yf. Higher values of yf are obtainable for

even larger I&

The effects of variations in both velocity space and in

physical space were determined. It was shown that it is

possible to improve the quality of the beam from the gun

in the accelerator cavity under appropriate conditions and

that the radial extent of the beam will have a negligible

effect if the beam radius is less than half the cavity radius.

Work remains to be done in more accurately modeling

the accelerator by including field leakage through the aper-

tures and the self-field of the beam. Methods for improving

the accelerator performance through cavity tapering and

varying the background magnetic field are also under

consideration.
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